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JACOBIAN VARIETIES WITH MANY ELLIPTIC CURVES
RUBEN A. HIDALGO
Abstract. In recent years there has been an interest in constructing examples of closed
Riemann surfaces whose jacobian varieties are isogenous to a product of many elliptic
factors and some other jacobian varieties. The first ones, provided by Ekedahl and Serre,
are examples for which the isogenous decomposition has all factors being elliptic curves.
It is well known that given two elliptic curves E1 and E2 , there is a closed Riemann surface
X of genus two, with equations in terms of the elliptic curves, and whose jacobian variety
JX is isogenous to E1×E2 . In this paper, given s ≥ 3 elliptic curves E1 , . . . , Es , we provide
an explicit construction of a closed Riemann surface X of genus g = 1 + 2s−2(s − 2), with
JX isogenous to E1 × · · · × Es × A, where A is the product of some elliptic curves and
jacobian varieties of hyperelliptic Riemann surfaces, all of them explicitly in terms of the
given elliptic curves. In particular, for s = 3, this provides explicit Riemann surface of
genus three whose jacobian variety is isogenous to E1 × E2 × E3 , for given elliptic curves.
1. Introduction
Let S be a closed Riemann surface of genus g ≥ 2 and let JS be its jacobian variety.
The Poincare´ reducibility theorem asserts that JS is isogenous to a product A
n1
1
× · · · × Anss ,
where each A j is a simple abelian variety and each n j is a positive integer (the factors A j
and the integers n j are uniquely determined up to isogeny and permutation). If g ≤ 4, then
it is possible to assume all the factors A j to be (isogenous to) jacobian varieties (for g ≥ 5,
this is in general not possible).
In recent years there has been an interest in constructing examples of closed Riemann
surfaces whose jacobian varieties are isogenous to a product of many elliptic factors and
some other jacobian varieties [7, 8, 12, 14, 18, 17, 19, 20, 21, 22, 23, 25]. That interest
come from different contexts, for instance, in cryptography [1, 6] and in arithmetics and
number theory [2, 10, 23]. Moreover, in [9], Ekedahl and Serre constructed examples of
closed Riemann surfaces, for almost every genus g ≤ 1297, whose jacobian varieties are
isogenous to a product of g elliptic curves (still not known if such kind of examples exist
in every genus or even for infinitely many values of g).
Somehow related to the above is the following.
Q: Given elliptic curves E1, . . . , Er, where r ≥ 2, find explicit equations (in terms of
these elliptic curves) of a closed Riemann surface of minimal genus e(E1, . . . , Er) whose
jacobian varieties are isogenous E1×· · ·×Er×A, where A is again a product of other certain
jacobian varieties. Determine the maximum e(r) of all these minimal genera obtained by
varying all the ellitptic curves.
Observe that e(E1, . . . , Er) = r for Ekedahl-Serre’s examples. We may think of r −
e(E1, . . . , Er) as the defect for E1 × · · · × Er to be isogenous to a jacobian variety, that is,
to be an Ekedahl-Serre’s example. Let us note that Z = E1 × · · · × Er ∈ Hr (the upper-half
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Siegel space) has a dense Sp(2r,Q)-orbit (each two points in such an orbit are isogenous).
As the dimensions of the jacobian locus is 3(r − 1) and that ofHr is r(r + 1)/2, it follows
that, for r ∈ {2, 3}, there is a dense set of jacobians being isogenous to Z, This asserts that
e(E1, E2) = 2 and e(E1, E2, E3) = 3. (For every r this also asserts that the jacobian variety
of every surface of genus r is a limit point of isogenous of Z, in particular, thatSp(2r,Q)-
translates of H r
1
provides a dense subset.) If r = 2, Earle [7, 8] (see also [11, 12, 13, 17])
describes an explicit equation of a Riemann surface S 2 of genus two, in terms of the given
elliptic curves E1, E2, such that JS 2 is isogenous to E1 × E2 (Theorem 1). For r = 3, we
describe explicitly a closed Riemann surface S 3 of genus three, in terms of E1, E2 and E3,
such that JS 3 is isogenous to E1 × E2 × E3 (Theorem 3).
In [15], Kani and Rosen developed a method for finding isogenous decompositions of
the jacobian varieties of closed Riemann surfaces admitting non-trivial groups of automor-
phisms (see Section 2). In Section 4 we apply such a method to two explicit construc-
tions. The first one is a fiber product of s ≥ 3 given elliptic curves E1, . . . , Es, consisting
of exactly two irreducible isomorphic components. Each of these isomorphic irreducible
components defines a closed Riemann surface S of genus g = 1 + 2s−2(s − 2), whose
explicit algebraic equation are given in terms of these s elliptic curves, such that JS is
isogenous to E1×· · ·×Es×Es+1 · · ·×Es(s−1)/2×A, where each factor E j is an elliptic curve
and A is a product of some elliptic curves and jacobian varieties of hyperelliptic curves,
each of them explicitly given (Theorem 2). The second construction, an irreducible fiber
product of r ≥ 2 elliptic curves E1, . . . , Er, provides a closed Riemann surface Y of genus
g = 1 + 2r−2(r − 1) for which JY is isogenous to E1 × · · · × Er × A, where A is a product
of elliptic curves and jacobian varieties of hyperelliptic curves (Theorem 5). The first con-
struction, for r ≥ 4, permits to observe that: (i) e(r) ≤ 1 + 2(r−2)/2r, for r ≥ 4 even, and (ii)
e(r) ≤ 1 + 2(r−3)/2(r − 1), for r ≥ 5 odd (Theorem 4). We conjecture these two inequalities
to be sharp. Both constructions also permit to produce (i) an explicit 2-dimensional family
of Riemann surfaces of genus nine whose jacobian varieties are isogenous to the product
of nine elliptic curves (Example 6.2), (ii) a 2-dimensional family of Riemann surfaces of
genus five and (iii) a 1-dimensional family of Riemann surfaces of genus thirteen, whose
jacobian varieties are isogenous to the product of only elliptic curves (Examples 6.1 and
6.3).
1.1. Some notation and remarks. We set ∆1 = C − {0, 1} and, for s ≥ 2, set ∆s =
{(λ1, . . . , λs) ∈ Cs : λ j ∈ ∆1; λi , λ j, i , j}. If λ ∈ ∆1, then we set the elliptic curve
Eλ : y
2 = x(x − 1)(x − λ). It is known that Eλ and Eµ are isomorphic if and only if there
is some T ∈ G = 〈u(λ) = 1/λ,V(λ) = 1 − λ〉  S3 so that µ = T (λ). It can be seen that
given two elliptic curves E1 and E2, there is some (λ1, λ2) ∈ ∆2 such that E j and Eλ j are
isomorphic for j = 1, 2. As for every λ ∈ ∆1 there exist infinitely many values µ ∈ ∆1 (in
fact a dense subset) so that Eµ and Eλ are isogenous, it follows that given s ≥ 3 elliptic
curves E1, . . . , Es, there are infinitely many tuples (λ1, . . . , λs) ∈ ∆s so that Eλ j and E j are
isogenous for each j = 1, . . . , s.
2. The jacobian variety of a closed Riemann surface and Kani-Rosen’s theorem
A polarized abelian variety of dimension g is a pair A = (T,Q), where T = Cg/L is
a complex torus of dimension g and Q (called a polarization of A) is a positive-definite
Hermitian product in Cg with Im(Q) having integral values over elements of the lattice L.
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There is basis of L for which Im(Q) can be represented by the matrix(
0 D
−D 0
)
where D is a diagonal matrix, whose diagonal entries are non-negative integers d1, . . . , dg,
where d j divides d j+1. The tuple (d1, . . . , dg) is called the polarization type. When d1 =
· · · = dg = 1, we say that the polarization is principal and that the abelian variety is princi-
pally polarized. Not every torus can be given the structure of a polarized abelian variety;
a necessary and sufficient condition for it is the existence of a holomorphic embedding
of it into a complex projective space. Let us consider two tori of the same dimension,
T1 = C
g/L1 and T2 = C
g/L2. A non-constant surjective morphism (i.e., holomorphic and
also a group homomorphism) h : T1 → T2 is called an isogeny (so it has a finite kernel).
In this case we say that T1 and T2 are isogenous. In particular, we may talk of isogenous
abelian varieties (the polarization plays no role in this definition). An abelian variety A is
called decomposable if it is isogenous to the product of abelian varieties of smaller dimen-
sions. It is called completely decompossable if it is the product of elliptic curves (varieties
of dimension 1). If the abelian variety is not isogenous to a product of lowest dimensional
abelian varieties, then we say that it is simple. Poincare´ irreducibility theorem asserts that
for every abelian variety A there exist simple polarized abelian varieties A1, . . . , As and
positive integers n1, . . . , ns such that A is isogenous to the product A
n1
1
× · · · Anss . Moreover,
the factors A j and the integers n j are unique up to isogeny and permutation of the factors.
In general, to describe these simple factors of an abelian variety seems to be a very diffi-
cult problem. When the abelian variety A admits a non-trivial groupG of automorphisms,
then there is a method to compute factors (non-necessarilly simple ones) by using the ra-
tional representations of G (the group algebra decomposition) [4, 16, 24] (but in general
the factors obtained in such a construction are not jacobians).
Let S be a closed Riemann surface of genus g ≥ 1. The first homology group H1(S ,Z)
is isomorphic to Z2g and its complex vector space H1,0(S ) of its holomorphic 1-forms is
isomorphic to Cg. There is a natural injective map ι : H1(S ,Z) →֒
(
H1,0(S )
)∗
: α 7→
∫
α
· ,
where
(
H1,0(S )
)∗
denotes the dual space of H1,0(S ). The image ι(H1(S ,Z)) is a lattice in(
H1,0(S )
)∗
and the quotient g-dimensional torus JS =
(
H1,0(S )
)∗
/ι(H1(S ,Z)) is called the
jacobian variety of S . The intersection product in H1(S ,Z) induces a principal polarization
on JS ; that is, JS is a principally polarized abelian variety. Next, we recall the following
decomposition result due to Kani-Rosen which will be used in our constructions.
Proposition 1 ([15]). Let S be a closed Riemann surface of genus g ≥ 1 and let H1, . . . ,Hs <
Aut(S ) such that: (1) HiH j = H jHi, for all i, j = 1, . . . , s; (2) gHiH j = 0, for 1 ≤ i < j ≤ s;
and (3) g =
∑s
j=1 gH j . Then JS isog. J(S H1) × · · · × J(S Hs ).
3. The known genus two situation
As already said in the introduction, given two elliptic curves E1 and E2, there is a closed
Riemann surface S of genus two with JS isogenous to E1 × E2. This can be tracked back
to [7, 8, 11, 12, 13].
Theorem 1. Let E1 and E2 two elliptic curves and let (λ1, λ2) ∈ ∆2 be so that E j is
isomorphic to Eλ j , for j = 1, 2. If η1 = (λ1 − 1)/(λ2 − 1), η2 = λ2(λ1 − 1)/λ1(λ2 − 1), and
S 2 is the genus two Riemann surface defined by the hyperelliptic curve y
2 = (x2 − 1)(x2 −
η1)(x
2 − η2), then JS 2 is isogenous to E1 × E2.
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Proof. Let us consider the genus two curve
C : y2 = (x2 − 1)(x2 − η1)(x2 − η2)
and the following order two automorphisms
A1(x, y) = (−x, y), A2(x, y) = (−x,−y).
We have that H = 〈A1, A2〉  Z22 and A2 ◦ A1 is the hyperelliptic involution. Set H1 =
〈A1〉 and H2 = 〈A2〉. If we consider the elliptic curves
F1 : y
2 = (x − 1)(x − η1)(x − η2), F2 : y2 = x(x − 1)(x − η1)(x − η2),
then P j : C → F j, where P1(x, y) = x2 and P2(x, y) = (x2, xy), are two-fold branched
coverings with respective deck groups H1 and H2. As H1H2 = H = H2H1 and C/H
is the Riemann sphere (with exactly 5 cone points, these being ∞, 0, 1, η1 and η2), we
may apply Kani-Rosen’s result (Proposition 1) to obtain that JC isog. F1 × F2. As, for
L(x) = (1 − η1)(x − η2)/(1 − η2)(x − η1), one has that L(1) = 1, L(η1) = ∞, L(η2) = 0,
L(∞) = (1 − η1)/(1 − η2) = λ1 and L(0) = λ2, we observe that E1  F1 and E2  F2. 
Remark 1 (The above curve in terms of fiber products). Let us consider the fiber product
of (Eλ1 , π1) and (Eλ2 , π2), where π j(x, y) = x, that is (in projective coordinates)
Ĉ :=
{
([x1 : y1 : z1], [x2 : y2 : z2]) ∈ P2 × P2 : x1/z1 = x2/z2
y21z1 = x1(x1 − z1)(x1 − λ1z1), y22z2 = x2(x2 − z2)(x2 − λ2z2)
}
.
This fiber product is an irreducible algebraic curve with 3 nodes, these being at the
points∞ := ([0 : 1 : 0], [0 : 1 : 0]), p := ([0 : 0 : 1], [0 : 0 : 1]) and q := ([1 : 0 : 1], [1 :
0 : 1]). After desingularization, this produces a genus two Riemann surface S , and each
of these three special points induces two different points (∞1,∞2, p1, p2, q1 and q2) on S .
On Ĉ we have the order two automorphisms
A1([x1 : y1 : z1], [x2 : y2 : z2]) = ([x1 : −y1 : z1], [x2 : y2 : z2]),
A2([x1 : y1 : z1], [x2 : y2 : z2]) = ([x : y1 : z1]), [x2 : −y2 : z2]),
with H = 〈A1, A2〉  Z22. The projection π : Ĉ → Ĉ, where π([x1 : y1 : z1], [x2 : y2, z2]) =
x1/z1, is a Galois branched cover with H is its deck group. The branch values of π are ∞,
0, 1, λ1 and λ2. The Riemann surface S 2, defined by C after desingularization, has genus
two and admits the group H as group of conformal automorphisms. If H j = 〈A j〉, it can be
seen that the orbifoldC/H j has underlying Riemann surface Eλ3− j . The curve Ĉ is another
model for the genus two Riemann surface described in the above theorem.
4. The constructions
4.1. First construction. Let us assume s ≥ 3 and consider the set of cardinality 2s−1 − 1
Vs = {α = (α1, . . . , αs) ∈ {0, 1}s − {(0, . . . , 0)} : α1 + · · · + αs is even}.
If P := (λ, µ1,1, µ1,2, µ2,1, µ2,2, . . . , µs−2,1, µs−2,2) ∈ ∆2s−3 and α = (α1, . . . , αs) ∈ Vs, then
we set the following elliptic curves
E1(P) : y
2 = x(x − 1)(x − λ), E2(P) : y2 = (x − 1)(x − λ)(x − µ1,1)(x − µ1,2),
E3(P) : y
2 = (x−µ1,1)(x−µ1,2)(x−µ2,1)(x−µ2,2), E4(P) : y2 = (x−µ2,1)(x−µ2,2)(x−µ3,1)(x−µ3,2),
...
Es−1(P) : y2 = (x−µs−3,1)(x−µs−3,2)(x−µs−2,1)(x−µs−2,2), Es(P) : y2 = x(x−µs−2,1)(x−µs−2,2),
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the complex numbers η0 = −(µs−2,2)−1, η1 = (1 − µs−2,2)−1, η2 = (λ − µs−2,2)−1, η3 =
(µs−2,1 − µs−2,2)−1 and, for each t = 1, 2 and j = 1, . . . , s − 3, η j,t = (µ j,t − µs−2,2)−1, and the
following non-zero complex number
Kα = (−µs−2,2)α1(µs−2,2−1)α2(µs−2,2−λ)α2(µs−2,2−µs−2,1)αs
s−3∏
k=1
(µs−2,2−µk,1)αk+2 (µs−2,µk,2−λ)αk+2 .
Theorem 2. Let s ≥ 3 and P = (λ, µ1,1, µ1,2, µ2,1, µ2,2, . . . , µs−2,1, µs−2,2) ∈ ∆2s−3. Let X ⊂
C2
s−1
be the affine curve defined by the following (2s−1 − 1) elliptic/hyperelliptic equations{
w2α = Kαz
α1 (z − η0)α1(z − η1)α2(z − η2)α2 (z − η3)αs ∏s−3k=1(z − ηk,1)αk+2(z − ηk,2)αk+2 ,
α = (α1, . . . , αs) ∈ Vs.
}
.
Then X defines a closed Riemann surface S of genus g = 1+2s−2(s−2) whose jacobian
variety is isogenous to the product of the jacobian varieties of the following
∑[s/2]
j=1
(
s
2 j
)
elliptic/hyperelliptic curves
Ci1 ,...,ik : ν
2 = (υ − ρi1 ,1)(υ − ρi1,2) · · · (υ − ρik ,1)(υ − ρik ,2),
where 2 ≤ k ≤ s is even, the tuples (i1, . . . , ik) satisfy 1 ≤ i1 < i2 < · · · < ik ≤ s, and
ρi j ,1 =

∞, i j = 1
1, i j = 2
µr−2,1, i j = r ≥ 3
ρi j ,2 =

0, i j = 1
λ, i j = 2
µr−2,2, i j = r ≥ 3
where, if ρi j ,1 = ∞, then the factor (u − ρi j ,1) is deleted from the above expression. In
particular, JS contains, in its isogenous factors above, the elliptic curves E1(P), . . . , Es(P).
Remark 2. (1) The jacobian variety JS contains at least s(s − 1)/2 elliptic curves in
its isogenous decomposition.
(2) Given s elliptic curves, Ê∗
1
, . . . , Ê∗s , it is possible to find a tuple P ∈ ∆2s−3 such that
Ê∗
j
is isogenous to E j(P), for every j = 1, . . . , s.
(3) If all the elliptic curves E j(P) are isogenous to a given one E, the above provides
a closed Riemann surface S of genus g = 1+2s−2(s−2)such that JS isog. E s×A,
where A is isogenous to the producto of other elliptic curves and the jacobian
varieties of hyperelliptic Riemann surfaces.
4.2. Two applicactions. In the above construction, for s = 3, the surface S has genus
three and JS isog. E1(P) × E2(P) × E3(P).
Theorem 3. Let E1, E2 and E3 be three elliptic curves. Choose (λ1, λ2, λ3) ∈ ∆3 so that
E j is isogenous to Eλ j , for j = 1, 2, 3. If µ is a root of
λ2λ3µ
2 − (λ1λ2 + λ2λ3 + λ1λ3 − λ1 − λ3 + 1)µ + λ1λ2 = 0,
then
S 3 :=

w2
1
= µ(λ3µ − 1)(λ3µ − λ1)(λ3 − 1)z
(
z − 1
λ1 − λ3µ
) (
z − 1
µ(1 − λ3)
)
w2
2
= −λ3µ2(λ3 − 1)z
(
z +
1
λ3µ
) (
z − 1
1 − λ3µ
)
w2
3
= −λ3µ2(λ3µ − 1)(λ3 − 1)z2
(
z +
1
λ3µ
) (
z − 1
µ(1 − λ3)
)

,
is a closed Riemann surface of genus three with JS 3 isogenous to E1 × E2 × E3.
6 RUBEN A. HIDALGO
Proof. If λ = λ1, µ1,1 = µ and µ1,2 = λ3µ, then (λ, µ1,1, µ1,2) ∈ ∆3 and
Eλ1 = F1 : y
2 = x(x − 1)(x − λ1), Eλ2  F2 : y2 = (x − 1)(x − λ1)(x − µ)(x − λ3µ),
Eλ3  F3 : y
2 = x(x − µ)(x − λ3µ).
Theorem 2, applied to the triple (λ, µ1,1, µ1,2), asserts that JS 3 is isogenous to the product
F1 × F2 × F3, so isogenous to the product E1 × E1 × E3. In this case the Riemann surface
S 3 is described by the curve
w2
1
= µ(λ3µ − 1)(λ3µ − λ1)(λ3 − 1)z
(
z − 1
λ1 − λ3µ
) (
z − 1
µ(1 − λ3)
)
w2
2
= −λ3µ2(λ3 − 1)z
(
z +
1
λ3µ
) (
z − 1
1 − λ3µ
)
w2
3
= −λ3µ2(λ3µ − 1)(λ3 − 1)z2
(
z +
1
λ3µ
) (
z − 1
µ(1 − λ3)
)

,
the group H = 〈a1, a2〉  Z22, where
a1(z,w1,w2,w3) = (z,w1,−w2,−w3), a2(z,w1,w2,w3) = (z,−w1,w2,−w3),
the three automorphisms a1, a2 and a3 = a1a2 acts with exactly four fixed points each one,
and the corresponding regular branched cover with H as deck group is
π : S → Ĉ : (z,w1,w2,w3) 7→ (λ3µz + 1)/z.
The subgroups of H, in this case (k = 2 is the only option) are H1,2 = 〈a1a2〉, H1,3 =
〈a1a3〉 = 〈a2〉 and H2,3 = 〈a2a3〉 = 〈a1〉. The quotients S 3/〈a1〉, S 3/〈a2〉 and S 3/〈a1a2〉 are
of genus one and they correspond, respectively, to the elliptic curves Eλ2 , Eλ1 and Eλ3 . 
Another consequence of the construction provided by Theorem 2 is the following upper
bound for e(r) (which we conjecture to be sharps).
Theorem 4.
e(r) ≤
{
1 + 2(r−2)/2r, r ≥ 4 even
1 + 2(r−3)/2(r − 1), r ≥ 5 odd
Proof. Assume r ≥ 3 is odd and write r = 2s−3, where s ≥ 3. Let us fix (λ1, . . . , λr) ∈ ∆r .
Set λ = λ1 and, for j = 1, . . . , s− 2, we set µ j,2 = λ j+1µ j,1 and µ j,1 a root of the polynomial
λ j+1(1 − λs−2+ j)µ2j,1 + (λs−2+ j − λ j+1 − λ1 + λ1λ j+1λs−2+ j)µ j,1 + (1 − λ1λs−2+ j) = 0.
As a value λ j may be changed to some other value λ
′
j
(inside an infinite set of values) so
that Eλ j and Eλ′j are isogenous, we may assume (λ, µ1,1, µ1,2, µ2,1, µ2,2, . . . , µs−2,1, µs−2,2) ∈
∆2s−3. Let S r be the Riemann surface constructed in Theorem 2. The jacobian variety of
S r is isogenous to a product of certain explicit jacobian varieties. It can be seen, from the
proof of that theorem, that some of these factors are (isogenous to) the elliptic curves
y2 = x(x − 1)(x − λ)
y2 = x(x − µ j,1)(x − µ j,2), j = 1, . . . , s − 2,
y2 = (x − 1)(x − λ)(x − µ j,2), j = 1, . . . , s − 2.
The choice we have done for the tuple (λ, µ1,1, µ1,2, µ2,1, µ2,2, . . . , µs−2,1, µs−2,2) ∈ ∆2s−3
ensures that they are all isomorphic to the elliptic curves y2 = x(x − 1)(x − ρ), where
ρ ∈ {λ1, . . . , λr}.
The case r ≥ 4 even can be worked similarly, but in this case we add an extra elliptic
curve to the r given ones in order to obtain the result as a consequence of the odd situation.

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4.3. The second construction. The Riemann surface obtained in the construction given
in Theorem 2 is one of two (isomorphic) factors of a fiber product. Next describes a similar
construction, but in this case, this surface is an irreducible fiber product.
Theorem 5. If (λ1, . . . , λr) ∈ ∆r , then the affine algebraic curve
Y =
{
w2
1
= (λr − λ1)u + 1, w22 = (λr − λ2)u + 1, · · · ,w2r−1 = (λr − λr−1)u + 1,
w2r = −u(λru + 1)((λr − 1)u + 1)
}
defines a closed Riemann surface S of genus g = 1 + 2r−2(r − 1) such that JS isog.
Eλ1 × · · · × Eλr × Ag−r, where Ag−r is the product of certain explicit elliptic/hyperelliptic
Riemann surfaces.
5. Proof of Theorems 2 and 5
5.1. Proof of Theorem 2. Let us consider the s elliptic curves E j = E j(P), where j =
1, . . . s. Let us consider the (affine) generalized Humbert curve (see [3] for details)
D :

z2
1
+ z2
2
+ z2
3
= 0, λz2
1
+ z2
2
+ z2
4
= 0,
µ1,1z
2
1
+ z2
2
+ z2
5
= 0, µ1,2z
2
1
+ z2
2
+ z2
6
= 0,
...
...
...
...
...
...
µk,1z
2
1
+ z2
2
+ z2
2k+3
= 0, µk,2z
2
1
+ z2
2
+ z2
2k+4
= 0,
...
...
...
...
...
...
µs−2,1z21 + z
2
2
+ z2
2s−1 = 0, µs−2,2z
2
1
+ z2
2
+ 1 = 0.

.
The conditions on the parameters ensure that D is a non-singular algebraic curve, that is,
a closed Riemann surface. On D we have the abelian group 〈b1, . . . , b2s−1〉 = H0  Z2s−12
of conformal automorphisms, where
b j(z1, . . . , z2s−1) = (z1, . . . , z j−1,−z j, z j+1, . . . , z2s−1), j = 1, ..., 2s− 1.
Inside the groupH0, the only non-trivial elements acting with fixed points are b1, . . . , b2s−1
and b2s = b1b2 · · · b2s−1. The degree 22s−1 holomorphic map P : D → Ĉ : (z1, . . . , z2s−1) 7→
− (z2/z1)2 is a branched regular cover with deck group being H0. The projection un-
der P of the set of fixed points are: P(Fix(b1)) = ∞, P(Fix(b2)) = 0, P(Fix(b3)) = 1,
P(Fix(b4)) = λ1, P(Fix(b2k+3)) = µk,1, P(Fix(b2k+4)) = µk,2, for k = 1, . . . , s. In particular,
the branch locus of P is the set {∞, 0, 1, λ, µ1,1, µ1,2, . . . , µs−2,1, µs−2,2}. By the Riemann-
Hurwitz formula, D has genus gD = 1 + 2
2s−2(s − 2). Let us consider the surjective homo-
morphism
θ : H0 → H = 〈a1, . . . , as−1〉  Zs−12
b2k−1, b2k 7→ ak, k = 1, . . . , s − 1,
b2s−1, bs 7→ as = a1a2 · · · as−1.
If K is the kernel of θ, then K = 〈b1b2, b3b4, . . . , b2k−1b2k, . . . , b2s−3b2s−2, b1b3b5 · · · b2s−1〉 
Zs
2
. Since K acts freely on D, it follows that S = D/K is a closed Riemann surface of genus
(by the Riemann-Hurwitz formula) gS = 1 + 2
s−2(s − 2). In order to write equations for
S , we need to compute a set of generators of C[z1, . . . , z2s−1]K , the algebra of K-invariant
polynomials. Since the linear action of K is given by diagonal matrices, a set of generators
can be found to be t1 = z
2
1
, t2 = z
2
2
, . . . , t2s−1 = z22s−1, together the monomials of the form
tα = (z1z2)
α1(z3z4)
α2 · · · (z2s−3z2s−2)αs−1zαs2s−1, where α = (α1, . . . , αs) ∈ Vs. As Vs has cardi-
nality 2s−1 − 1, the number of the above set of generators is N = 2s−1 + 2s − 2. Using the
map Φ : D → CN , whose coordinates are t1, . . . , t2s−1 and the monomials tα, α ∈ Vs, one
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obtain that the Riemann surface induced by Φ(D) is isomorphic to S and that its equations
are given by
Φ(D) =

t1 + t2 + t3 = 0, λt1 + t2 + t4 = 0,
µ1,1t1 + t2 + t5 = 0, µ1,2t1 + t2 + t6 = 0,
...
...
µk,1t1 + t2 + t2k+3 = 0, µk,2t1 + t2 + t2k+4 = 0,
...
...
µs−2,1t1 + t2 + t2s−1 = 0, µs−2,2t1 + t2 + 1 = 0,
t2α = (t3t4)
α2 · · · (t2s−3t2s−2)αs−1 tαs2s−1; α = (α1, . . . , αs) ∈ Vs

.
The first linear equations permit to write t2, . . . , t2s−1 in terms of t1 as follows:
t2 = −1 − µs−2,2t1, t3 = 1 + (µs−2,2 − 1)t1, t4 = 1 + (µs−2,2 − λ)t1
t2k+3 = 1 + (µs−2,2 − µk,1)t1, t2k+4 = 1 + (µs−2,2 − µs,2)t1, k = 1, . . . , s − 3,
t2s−1 = 1 + (µs−2,2 − µs−2,1)t1.
We may then eliminate the variables t2, . . . , t2s−1 and just keep the variables t1 and
tα1,...,αs . Let us set t1 = z and tα = wα, for α ∈ Vs. In these new 2s−1 coordinates, the
above curve is isomorphic to the one given by
C =

w2α = z
α1(−1 − µs−2,2z)α1(1 + (µs−2,2 − 1)z)α2(1 + (µs−2,2 − λ)z)α2 · · ·
· · · (1 + (µs−2,2 − µk,1)z)αk+2 (1 + (µs−2,2 − µk,2)z)αk+2 · · ·
· · · (1 + (µs−2,2 − µs−3,1)z)αs−1(1 + (µs−2,2 − µs−3,2)z)αs−1 (1 + (µs−2,2 − µs−2,1)z)αs ,
α = (α1, . . . , αs) ∈ Vs.

By making the choices as described in the hypothesis of the theorem for Kα and the
values of η0, η1, η2, η3 and ηk, j, then the above curve can be written in the desired algebraic
form. If Φ1 : D → C2s−1 is the map whose coordinates are z and wα, where α ∈ Vs, then
Φ1(D) = C. If α = (α1, . . . , αs) and j = 1, . . . , s − 1, then the induced automorphisms a j
acts by multiplication by −1 at coordinates wα if α j = 1 and acts by the identity on the rest
of coordinates. The map π : C → Ĉ : (z, {wα∈Vs }) 7→ (1 + µs−2,2z)/z is a regular branched
cover with H as its deck group and its satisfies that P = π◦Φ1. The branch locus of π is the
set {∞, 0, 1, λ, µ1,1, µ1,2, . . . , µs−2,1, µs−2,2}. All the above permits to observe the following.
Lemma 1. The only non-trivial elements of H acting with fixed points are a1, . . . , as−1
and as = a1a2 · · · as−1. Moreover, π(Fix(a1)) = {∞, 0}, π(Fix(a2)) = {1, λ}, π(Fix(ak)) =
{µk−2,1, µk−2,2}, for k = 3, . . . , s− 1, and π(Fix(as)) = {µs−2,1, µs−2,2}. It can be seen that, for
j = 1, . . . , s, Fix(a j) has cardinality 2
s−1.
If 2 ≤ k ≤ s is even and 1 ≤ i1 < i2 < · · · < ik ≤ s, then we consider the subgroup
Hi1,i2,...,ik = 〈ai1ai2 , ai1ai3 , . . . , ai1aik , a j; j ∈ {1, . . . , s} − {i1, . . . , ik}〉  Zs−22 .
If k = 2, thenwe have s(s−1)/2 such subgroups. Between them areH1,2 = 〈a1a2, a3, . . . , as〉,
H2,3 = 〈a2a3, a4, . . . , a1〉, H3,4 = 〈a3a4, a5, . . . , a2〉, . . ., Hs−1,s = 〈as−1as, a1, . . . , as−2〉 and
Hs,1 = 〈asa1, a2, . . . , as−1〉. The quotient orbifold C/H j, j+1 has underlying Riemann sur-
face structure E j  Eλ j , for j = 1, . . . , s − 1, and C/Hs,1 has underlying Riemann surface
structure Es  Eλs .
Lemma 2. With the above notations, the following hold for the above defined subgroups.
(1) Any two such subgroups Hi1,i2,...,ik and H j1, j2,..., jl commute.
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(2) The quotient C/Hi1,i2,...,ik has genus k − 1 and its underlying Riemann surface is
given by the (elliptic) hyperelliptic curve
ν2 = (υ − ρi1,1)(υ − ρi1,2) · · · (υ − ρik ,1)(υ − ρik ,2),
where
ρi j ,1 =

∞, i j = 1
1, i j = 2
µr−2,1, i j = r ≥ 3
ρi j ,2 =

0, i j = 1
λ, i j = 2
µr−2,2, i j = r ≥ 3
In the case that ρi j ,1 = ∞, then the factor (u − ρi j ,1) is deleted from the above
expression.
(3) The group generated by any two different such subgroups is H.
Proof. Property (1) holds trivially as H is an abelian group. Property (2) follows from
Riemann-Hurwitz formula and Lemma 1. Property (3) is clear as in the product we obtain
all the generators. 
The next result states that the sum of the genera appearing in all quotients of the form
C/Hi1,i2,...,ik is equal to the genus of C (that is, the genus of S ). Recall that we are consider-
ing k even and 2 ≤ k ≤ s.
Lemma 3.
∑s
k=2
(
r
k
)
(k − 1)
(
1+(−1)k
2
)
= 1 + 2s−2(s − 2).
Proof. If f (x) =
(1+x)s
2x
= 1
2
∑s
k=0
(
s
k
)
xk−1, then f ′(x) = (1+x)
s−1((s−1)x−1)
2x2
= 1
2
∑s
k=0
(
s
k
)
(k −
1)xk−2, and 2s−2(s−2) = f ′(1)+ f ′(−1) = 1
2
∑s
k=0
(
s
k
)
(k−1)(1+(−1)k) = −1+∑sk=2 (sk) (1+(−1)k)2 (k−
1). 
We may apply Proposition 1 forC using all the subgroups Hi1,...,ik in order to obtain that
JC (so JS ) is isogenous to the product of the jacobian varieties of all Riemann surfaces
C/Hi1,...,ik as desired. The equations of these curves are provided in Lemma 2.
Remark 3 (A fiber product description). Let us consider the s elliptic curves E j = E j(P),
where j = 1, . . . s. If we consider the degree two maps π j : E j → Ĉ defined as π j(x, y) = x,
then we may perform the fiber product of the s pairs (E1, π1), . . . , (Es, πs). Such a fiber
product is given by an affine curve Ĉ ⊂ Cs+1, formed of the tuples (x, y1, . . . , ys) so that
(x, y j) ∈ E j, for j = 1, . . . , s. The curve Ĉ is reducible and contains two irreducible
components, both of them being isomorphic, and it admits the group of automorphisms
N = 〈 f1, . . . , fs〉  Zs2, where f j(x, y1, . . . , ys) = (x, y1, . . . , y j−1,−y j, y j+1, . . . , ys). The two
irreducible factors are permuted by some elements of N and each one is invariant under a
subgroup isomorphic to Zs−1
2
. It can be shown that the Riemann surface defined by any of
these two irreducible components is isomorphic to the surface defined by X in the above
proof.
5.2. Proof of Theorem 5. Let (λ1, . . . , λr) ∈ ∆r , Eλ j : y2j = x j(x j − 1)(x j − λ j) and
π j : Eλ j → Ĉ defined by π j(x j, y j) = x j. The locus of branch values of π j is the set
{∞, 0, 1, λ j}.
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Let us consider the generalized Humbert curve (see [3])
F :

z2
1
+ z2
2
+ z2
3
= 0
λ1z
2
1
+ z2
2
+ z2
4
= 0
λ2z
2
1
+ z2
2
+ z2
5
= 0
...
...
...
λrz
2
1
+ z2
2
+ z2
r+3
= 0

⊂ Pn.
The conditions on the parameters λ j ensure that F is a non-singular projective algebraic
curve, that is, a closed Riemann surface. On F we have the Abelian group 〈b1, . . . , br+2〉 =
H0  Z
r+2
2
of conformal automorphisms, where
b j([z1 : · · · : zr+3]) = [z1 : · · · : z j−1 : −z j : z j+1 : · · · : zr+3], j = 1, ..., r + 2.
The only non-trivial elements of H0 acting with fixed points are b1, . . . , br+2 and br+3 =
b1b2 · · · br+2. The degree 2r+2 holomorphic map P : F → Ĉ : [z1 : · · · : zr+3]) 7→
− (z2/z1)2 , is a branched regular cover with deck group being H0. The projection un-
der P of the set of fixed points are P(Fix(b1)) = ∞, P(Fix(b2)) = 0, P(Fix(b3)) =
1, P(Fix(b3+ j)) = λ j, for j = 1, . . . , r. In particular, the branch locus of P is the set
{∞, 0, 1, λ1, . . . , λr}. By the Riemann-Hurwitz formula, F has genus 1 + 2r(r − 1). If
we consider the subgroup K∗ = 〈b1b2, b2b3〉  Z22, which acts freely on F, then Y =
F/K∗ is a closed Riemann surface of genus gY = 1 + 2r−2(r − 1). The quotient group
L = H0/〈b1b2, b2b3〉 induces the group of automorphisms of Y. It can be seen that
L = 〈c1, . . . , cr〉  Zr2, where
c j(x, y1, . . . , yr) = (x, y1, . . . , y j−1,−y j, y j+1, . . . , yr), j = 1, ..., r.
The map π : Y → Ĉ : (x, y1, . . . , yr) 7→ x, is a regular branched cover, with H as its deck
group, and its branch locus is the set {∞, 0, 1, λ1, . . . , λr}.
Remark 4. With the above description, we obtain a set of equations for Y as{
w2
1
= (λr − λ1)u + 1, w22 = (λr − λ2)u + 1, · · · ,w2r−1 = (λr − λr−1)u + 1,
w2r = −u(λru + 1)((λr − 1)u + 1)
}
.
The equations for Eλ j can also be written as (for j = 1, . . . , r − 1)
w2
1
= (λr − λ1)u + 1, · · · ,w2j−1 = (λr − λ j−1)u + 1
w2
j
= (λr − λ j)u + 1, · · · ,w2r−1 = (λr − λr−1)u + 1
w2r = −u(λru + 1)((λr − 1)u + 1)((λr − λ j)u + 1)

and for Eλr as {
w2
1
= (λr − λ1)u + 1, · · · ,w2r−1 = (λr − λr−1)u + 1
w2r = −u(λru + 1)((λr − 1)u + 1)
}
.
Lemma 4. The only non-trivial elements of L acting with fixed points are c1, . . . , cr and
cr+1 = c1c2 · · · cr. Moreover, π(Fix(c j)) = λ j, for j = 1, . . . , r, and π(Fix(cr+1)) = {∞, 0, 1}.
Proof. A non-trivial element of L has the form c(x, y1, . . . , yr) = (x, (−1)α1y1, . . . , (−1)αryr),
where α1, . . . , αr ∈ {0, 1} and α1+ · · ·+αr > 0. A point (x, y1, . . . , yr) ∈ C is a fixed point of
c if and only if y j = 0 for α j = 1. The equality y j = 0 is equivalent to have x ∈ {∞, 0, 1, λ j}.
The values x ∈ {∞, 0, 1} produce fixed points for cr+1. Also, as we are assume the values
λ j to be different, it follows that the only possibility is to have only one j with α j = 1. 
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It can be seen that, for j = 1, . . . , r, Fix(c j) has cardinality 2
r−1 and that Fix(c1 · · · cr)
has cardinality 3 × 2r−1. In particular, for r = 3, the surface Y is hyperelliptic with c1c2c3
as its hyperelliptic involution.
If either 1 ≤ k ≤ r is odd or 4 ≤ k ≤ r is even, and {i1, . . . , ik} ⊂ {1, . . . , r} with
1 ≤ i1 < i2 < · · · < ik ≤ r, then we consider the subgroup
Li1 ,i2,...,ik = 〈ci1ci2 , ci1ci3 , . . . , ci1cik , c j; j ∈ {1, . . . , r} − {i1, . . . , ik}〉  Zr−12 .
Note that for k = 1 we have the subgroups L j = 〈c1, . . . , c j−1, c j+1, . . . , cr〉  Zr−12 . If
Q j : Y → Eλ j : (x, y1, . . . , yr) 7→ (x, y j),
then Q j is a regular branched cover with deck group being L j. The branch locus of Q j is
the set
{(λ j, yi) : y2i = λi(λi − 1)(λi − λ j), i = 1, . . . , r, i , j}.
Lemma 5. With the above notations, the following hold for the above defined subgroups.
(1) Any two such subgroups commute.
(2) The quotient Y/Li1 ,i2,...,ik is an orbifold of genus (k + 1)/2 if k is odd and genus
(k − 2)/2 if k is even. Moreover, the underlying Riemann surface is given by the
hyperelliptic curve
w2 =
{
z(z − 1)(z − λi1 )(z − λi2) · · · (z − λik ), if k is odd,
(z − λi1 )(z − λi2) · · · (z − λik ), if k is even.
(3) The group generated by any two different such subgroups is L.
Proof. Property (1) holds trivially as L is an abelian group. Property (2) follows from
Riemann-Hurwitz formula and Lemma 4. Property (3) is clear. 
The next result states that the sum of the genera appearing in all quotients of the form
Y/Li1,i2,...,ik is equal to the genus of Y.
Lemma 6.
∑r
k=1
(
r
k
)
(1−(−1)k)
2
(k+1)
2
+
∑r
k=4
(
r
k
)
(1+(−1)k)
2
(k−2)
2
= 1 + 2r−2(r − 1).
Proof. If f1(x) = x
(1+x)r
4
= 1
4
∑r
k=0
(
r
k
)
xk+1 and f2(x) =
(1+x)r
4x2
= 1
4
∑r
k=0
(
r
k
)
xk−2, then f ′
1
(x) =
(1+x)r(1+(1+r)x)
4
= 1
4
∑r
k=0
(
r
k
)
(k + 1)xk and f ′
2
(x) =
(1+x)r−1(r−2x(1+x))
4x2
= 1
4
∑r
k=0
(
r
k
)
(k − 2)xk−3.
Then 2r−3(r+2) = f ′
1
(1)− f ′
1
(−1) = 1
4
∑r
k=0
(
r
k
)
(k+1)(1− (−1)k) = ∑rk=1 (rk) (1−(−1)k)2 (k+1)2 and
2r−3(r − 4) = f ′
2
(1) + f ′
2
(−1) = 1
4
∑r
k=0
(
r
k
)
(k − 2)(1 + (−1)k) = −1 + ∑rk=4 (rk) (1+(−1)k)2 (k−2)2 .
By adding these two equalities we obtain the desired result. 
We may now apply Proposition 1 for Y using the subgroups Li1,...,ik in order to obtain
that JY is isogenous to a product of the form Eλ1 × · · · × Eλr × Ag−r, where Ag−r is the
product of the jacobian varieties of all elliptic/hyperelliptic Riemann surfaces Y/Li1 ,...,ik , for
k ≥ 2.
Remark 5 (A fiber product description of Y). Let π j : Eλ j → Ĉ be defined by π j(x j, y j) =
x j. The locus of branch values of π j is the set {∞, 0, 1, λ j}. An affine model of the fiber
product of the r pairs (Eλ1 , π1), . . . , (Eλr , πr) is
Ŷ =
{
(x, y1, . . . , yr) : y
2
j = x(x − 1)(x − λ j), j = 1, . . . , r
}
,
which is irreducible and has singular points at those points with first coordinate x ∈
{∞, 0, 1}. The Riemann surface R defined by Ŷ (after desingularization) admits a group of
conformal automorphisms H  Zr
2
so that R/H is the Riemann sphere with conical points
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(each one of order two) at∞, 0, 1, λ1, . . . , λr. In particular, it has genus g = 1+2r−2(r−1).
It can be checked that R is isomorphic to the surface S obtained in the above proof.
6. Explicit examples
6.1. Example of genus five. Let, in Theorem 5, assume r = 3. In this case, Y has genus
five and JY is isogenous to Eλ1 × Eλ2 × Eλ3 × JR, where Eλ1 : y2 = x(x − 1)(x − λ1), Eλ2 :
y2 = x(x−1)(x−λ2), Eλ3 : y2 = x(x−1)(x−λ3) and R : y2 = x(x−1)(x−λ1)(x−λ2)(x−λ3).
The corresponding subgroups of H are in this case L1 = 〈c2, c3〉, L2 = 〈c1, c3〉, L3 = 〈c1, c2〉
and L1,2,3 = 〈c1c2, c1c3〉.
Corollary 1. If λ3 = λ1/λ2, then JY isogenous to the product of 5 elliptic curves. So, it
provides a 2-dimensional family of curves Y of genus five with JY isogenous to the product
of five elliptic curves.
Proof. If λ3 = λ1/λ2, then R admits the involution (x, y) 7→ (λ1/x, λ3/21 y/x3), with exactly
two fixed points. It follows that JR is isogenous to the product of two elliptic curves. 
6.2. Example of genus nine. Next, we provides a two-dimensional family of genus nine
Riemann surfaces whose jacobian varieties are isogenous to the product of nine elliptic
curves. For (λ, µ) ∈ ∆2 set µ1,1 = µ, µ1,2 = λ/µ, µ2,1 = λ(µ−1)/(µ−λ), µ2,2 = (µ−λ)/(µ−1),
K1 = (µ2,2 − µ1,1)(µ2,2 − µ1,2)(µ2,2 − µ2,1), K2 = (µ2,2 − 1)(µ2,2 − λ)(µ2,2 − µ2,1),
K3 = (µ2,2 − 1)(µ2,2 − λ)(µ2,2 − µ1,1)(µ2,2 − µ1,2), K4 = −µ2,2(µ2,2 − µ2,1),
K5 = −µ2,2(µ2,2 − µ1,1)(µ2,2 − µ1,2), K6 = −µ2,2(µ2,2 − 1)(µ2,2 − λ).
Let S be the genus nine Riemann surface defined by the curve
w2
1
= K1
(
z − 1
µ1,1 − µ2,2
) (
z − 1
µ1,2 − µ2,2
) (
z − 1
µ2,1 − µ2,2
)
w2
2
= K2
(
z − 1
1 − µ2,2
) (
z − 1
λ − µ2,2
) (
z − 1
µ2,1 − µ2,2
)
w2
3
= K3
(
z − 1
1 − µ2,2
) (
z − 1
λ − µ2,2
) (
z − 1
µ1,1 − µ2,2
) (
z − 1
µ1,2 − µ2,2
)
w2
4
= K4z
(
z +
1
µ2,2
) (
z − 1
µ2,1 − µ2,2
)
w2
5
= K5z
(
z +
1
µ2,2
) (
z − 1
µ1,1 − µ2,2
) (
z − 1
µ1,2 − µ2,2
)
w2
6
= K6z
(
z +
1
µ2,2
) (
z − 1
1 − (µ2,2
) (
z − 1
λ − µ2,2
)
w2
7
= w2
3
w2
4

By Theorem 2 (and Lemma 2), JS isog. E1×· · ·×E6×JR, where E1 : y2 = x(x−1)(x−λ),
E2 : y
2 = (x− 1)(x− λ)(x− µ1,1)(x− µ1,2), E3 : y2 = (x− µ1,1)(x− µ1,2)(x− µ2,1)(x− µ2,2),
E4 : y
2 = x(x− µ2,1)(x− µ2,2), E5 : y2 = x(x− µ1,1)(x− µ1,2), E6 : y2 = (x− 1)(x− λ)(x−
µ2,1)(x − µ2,2) and R : y2 = x(x − 1)(x − λ)(x − µ1,1)(x − µ1,2)(x − µ2,1)(x − µ2,2).
The group J = 〈 f1(x) = λ/x, f2(x) = λ(x − 1)/(x − λ)〉  Z22 keeps invariant the set
{∞, 0, 1, λ, µ1,1, µ1,2, µ2,1, µ2,2}. In this way, R admits the following automorphisms
A1(x, y) =
(
λ/x, λ2y/x4
)
, A2(x, y) =
(
λ(x − 1)/(x − λ), λ2(λ − 1)2y/(x − λ)4
)
.
We may see that 〈A1, A2〉  Z22 and that each of the involutions A1, A2 and A1 ◦ A2 acts
with exactly 4 fixed points on R. The quotients R/〈A1〉, R/〈A2〉 and R/〈A1 ◦A2〉 have genus
one. We may apply Proposition 1 to R using the three cyclic groups of order two in order to
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see that JR is isogenous to the product of three elliptic curves. In this way, JS is isogenous
to the product of nine elliptic curves.
6.3. Example of genus thirteen. Set, in Theorem 5, the case r = 4. In this case, Y has
genus 13 and JY is isogenous to Eλ1 ×Eλ2 ×Eλ3 ×Eλ4 × JR1 × JR2× JR3 × JR4×E5, where
Eλ1 : y
2 = x(x−1)(x−λ1), Eλ2 : y2 = x(x−1)(x−λ2), Eλ3 : y2 = x(x−1)(x−λ3), Eλ4 : y2 =
x(x − 1)(x − λ4), R1 : y2 = x(x − 1)(x − λ1)(x − λ2)(x − λ3), R2 : y2 = x(x − 1)(x − λ1)(x −
λ2)(x−λ4), R3 : y2 = x(x−1)(x−λ1)(x−λ3)(x−λ4), R4 : y2 = x(x−1)(x−λ2)(x−λ3)(x−λ4)
and E5 : y
2 = (x − λ1)(x − λ2)(x − λ3)(x − λ4). The corresponding subgroups of H are
in this case L1 = 〈c2, c3, c4〉, L2 = 〈c1, c3, c4〉, L3 = 〈c1, c2, c4〉, L4 = 〈c1, c2, c3〉, L1,2,3 =
〈c1c2, c1c3, c4〉, L1,2,4 = 〈c1c2, c1c4, c3〉, L1,3,4 = 〈c1c3, c1c4, c2〉, L2,3,4 = 〈c2c3, c2c4, c1〉 and
L1,2,3,4 = 〈c1c2, c1c3, c1c4〉.
Corollary 2. If λ3 = λ1/λ2, λ4 = λ1(λ2−1)/(λ2−λ1) and λ22(1+λ1)−4λ1λ2+λ1(1+λ1) = 0,
then JY isogenous to the product of 13 elliptic curves.
Proof. If a1(z) = λ1/z and a2(z) = λ1(z − 1)/(z − λ1), then the group generated by them is
isomorphic to Z2
2
. Since a1 permutes in pairs the elements in {∞, 0, 1, λ1, λ2, λ3}, it follows
that JR1 is isogenous to the product of two elliptic curves. Similarly, as a2 permutes in
pairs the elements in {∞, 0, 1, λ1, λ2, λ4}, it follows that JR2 is isogenous to the product
of two elliptic curves and as a2a1 permutes in pairs the elements in {∞, 0, 1, λ1, λ3, λ4}, it
follows that JR3 is isogenous to the product of two elliptic curves. In this way, under the
above assumptions, JY is isogenous to the product of 11 elliptic curves and JR4. If we also
assume that λ2
2
(1+ λ1)− 4λ1λ2 + λ1(1+ λ1) = 0, then a3(z) = λ2(z− λ3)/(z− λ2) permutes
in pairs the elements of the set {∞, 0, 1, λ2, λ3, λ4}. In this case, JR4 is also isogenous to
the product of two elliptic curves 
Remark 6. Examples of values as in the above are λ1 = 2 and λ2 = (4 + i
√
2)/3; so
λ3 = (4 − i
√
2)/3 and λ4 = −i
√
2.
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